ALLARD TYPE BOUNDARY REGULARITY THEOREM 
FOR VARIFOLDS WITH C l a BOUNDARY 



THEODORA BOURNI 



Abstract. In this paper we show that Allard's boundary regularity theorem 
for general varifolds |A1175| can be generalized in the case of C 1 ' 01 boundaries, 
(Theorcm l3,14l l; in IA11751 it is required that the boundary is C 1,1 . The proof 
presented here is along the lines of the proof of Allard's interior regularity 
theorem IA1172I found in [Sim83] . In particular we give the proof in the case of 
a rectifiable varifold. In this way, as in |Sim83| . we simplify the notation and 
the computations needed for the proof, without however weakening the original 
hypotheses in Allard's paper IA1175I , because of the rectifiability theorem (cf. 
ISim83l Theorem 32.1]). 

1. Notation and Preliminaries 

Let B be a C 1,a closed (k — l)-dimcnsional submanifold of R" passing through 
the origin, with k < n and < a < 1. Then there exists a no n- negative constant k 
and radius R > with kR° < 1 such that 

X1 \woi NbB (y-b)\ <n\y-b\ 1+a 

II proiN„B - P r °jN b s II < K \v - C 

for all y,b G BnB R (0). 

We use the notation T X B for the tangent space of B at x, N X B for the normal 
space of B at x and proj^ B , proj w B for the projections onto the two spaces 
respectively. Finally, B r {x) C IK" will denote the n-dimensional ball of radius r 
centered at x <= R" and for any m £ N, u> m will denote the m-dimcnsional area of 
the open unit ball centered at the origin in M m . 

Remark 1.2. Since nR a < 1, for any x G B and r > such that B r (x) C Br(0), 
B H B r (x) is the graph of a G x,a function above T X B, i.e 

B n B r {x) = graph ip x n B r (x) 

where 

ip x : B r (x)DT x B -> N X B 

is a C 1,a function such that 
ll^llo 



r 



\D^ x \\ + r a [D^ x ] a < k. 



Definition 1.3. For any x G Br(0), we define p(x) to be the distance of x from 
B and x will denote a point on B such that \x — x\ = p(x). (Note that there is not 
necessary a unique such point x). 

Under the above assumptions it is easy to check that the following inequalities 
hold 
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Remark 1.4. Let x € -Br/4(0) \ B and y £ B p ( x y 2 {x)- Then 
I proj^ B (y - x) - (y - y)\ < cnp{y) 1+a 



and 



\p(x)Dp(x) — (x — x)\ < cnp{x) 



for some absolute constant c. 

We consider a rectifiable fc-varifold, V = (M, 6), where M is a countably k- 
rectifiable, 'H fc -measurable subset of W 1 and a locally 'H fe -integrable function on 
M and we let py = V. k \—6 be the weight measure of V (cf. |Sim83| Chapter 4]). 
For V we assume that it satisfies the following 3 properties, which we will denote 
by P1-P3: 

Pi e spty, pv(B) = 0. 

P2 = &v{x) > 1 for py- almost every x € IR ra . 
P 3 There exist constants a > 0, q < such that 



whenever X is a smooth vector field with compact support in -Br(O) \ B 
and where 8V(X) denotes the first variation of V with respect to X i.e. 



Notice that property P3 implies the following, which we will denote by P3: 

P3 There exists a //^-measurable function H : -Br(O) \ B K™ with |-ff = 
D^.WSVWix) (where \\5V\\ is the total variation of SV, cf. |A1172| Chapter 
4]) for all x€ B R {0)\B such that 



Jb r (o) 

for any smooth vector field X with compact support in £>_r(0) and such 
that X(y) = for all y e B. For H we also have that 



where p > k is such that - + - = 1. 

Remark 1.5. By the definition of a k-rectifiable varifold and Rademacher's the- 
orem (cf. |Sim83[ Theorem 5.2]), the function p(x) = dist(a;,-B) is a py-almost 
everywhere C 1 function on M and therefore Vp = V A/ p is well defined. 

Throughout this paper the letter c will denote a constant which possibly depends 
on the given variables n, fc,p, a. When different constants appear in the course of a 
proof we will keep the same letter c unless the constant depends on some different 
parameters. 
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2. First Variation and Monotonicity 

Throughout this section we assume that B, V are as defined above, i.e. they 
satisfy [L~T1 and properties P1-P3 (and hence P3) and we let U = B R /4(0). 

Lemma 2.1 (First Variation Formula). For any smooth vector field X with compact 
support in U : 



(1) SV(X) = [ X- Hdp v + f X ■ rtdV, 

Ju\B JB 

where n = rj(y) G N y B for all y £ B. 



Proof. We will first prove that V has locally bounded variation in U, i.e. we will 
show that for any W CC U there exists a constant c (depending on W) such that 

(2) 8V(X) < csup|V| 

u 

for any smooth vector field X with support in W. 

For any smooth function (j> : R — > M we can write SV(X) as follows: 

SV(X) = [ div M [(l - </>(p))X]diiv + f 4>'(p)Vp ■ Xdp v 

(3) Ju Ju 

+ / (f)(p) divM Xdfi v - 
Ju 

Let {4>h}o<h<i be a family of smooth functions such that 

, . , f 1 for p < h/2 . , , 
I for p > h 

and such that (f>y t X(-oo,ol j the indicator function of (—00, 0]. Then, by property 
P' 



/ div M [(l - ct> h {p))X]dn v = [ (1 - <j> h (p))X ■ Hdfi v ^> / X-Hdp 

JU Ju Ju\B 

and by property P 

4>h(p) div A/ Xdp v 



u 

Hence, by using [(3)] with = <f>h and letting h — > 0, we have that | (2)| is equivalent 
to 

(4) lim i / Vp- Vd/iy < csup|V| 

where T;, = {x : p(x) < h}. Therefore for proving that V has locally bounded 
variation in U it suffices to show that for any W CC U there exists a constant c 
(depending on W) such that 

(5) lim - / xdp-v < c 

h^o n j Th 

where x is a smooth function such that x = 1 on W, < X < 1 and with compact 
support in U. 

Let W be a Whitney partition of R" \ B (cf. [KP99] ). Then 

B R (0) \ B C U CeW C 
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where the elements C of the collection W are cubes with the following property: If 
pc = dist(C, B), then pc > and 

diamC < pc < 3diamC. 

For each C <G W, we let xc S C be the center of the cube C and yc € B be such 
that \xc — yc\ = p(%c)- Finally let </>c be a partition of unity suboordinate to the 
covering W and such that 

(6) \dm*)\ < c P {xy l 

where C is an absolute constant. 

Given x '■ U — > M. a smooth, non negative function with compact support we 
define the vector field 

(7) X(x) = ]T 4> c {x)^{p{x))x{x)X c {x). 

cew 

where ip : M. — >• M is a smooth non negative function and for each C € W, is 
defined by 

(8) ^c(a:) = proj WycS (x - y c )- 

X is then a smooth vector field that vanishes on B and thus by property P3 

(9) SV(X)= I div M Xdp v = I X-Hdnv 

Ju Ju 

By Remark 1 1.4i for any ieC 

(10) X c (x) = P Dp + Y c {x) , with Y c satisfying \Y c (x)\ < cnp{x) 1+a . 
Furthermore 

divM Xc = trace(e(x)DXc) > 1 

where e(x) denotes the matrix of the projection onto T X M and DXc is the matrix 
of the projection onto N yc B. Therefore 

div M X = 2J div A/ ((j> c ip(p)xX c ) 
cew 

(11) > 51 ^xWp) + pVAp)) + J] <^xV>'(p) (Vp • >c - plV^pl 2 ) 

cew cew 

+ ^] <^(p) (PVX • £>P + V X • Fc) + X] V'(p)xV0 c • Xc 
cew cew 

We introduce the quantities 

cew cew 
for which, by |(10)| and Remark 11.41 we have the following estimates: 

(12) \Y{x)\ < cnp(x) 1+a 
and 

(13) \g(x)\ = Wc(«) ■ (Xc(x) ~ (x - x)) < c K p a . 

cew 
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Substituting for the quantities Y and <?, inequality (11) now reads 

div M X > X (ip(p) + PV'(P)) + X^\pWp ■ Y - X ip'(p)p\V ± p\ 2 

+ i>(p)^x ■ (pDp + Y) + 4>(p)xg. 

Applying this inequality in |(9)| we get: 

X {^{p)+ P^'{p)Wv < / x^(p)pDp ■ Hdfiv + / X ^(P)Y ■ Hdfiy 
Ju Ju 

- I ^{p)x9dpv~ J^{p)V X {pDp + Y) 

X^'(p)Vp • Ydfiv + I x¥{p)p\V x p\*dnv. 
Ju 

Let 7 : K — > M. be a smooth function such that 



u 



lfort<l/2 



Then we can use 



(14) with ip(p) = 7(7) (for some r > 0). Since 



and because of the estimates for Y and g (given in (12)| |(13)[ ) this gives 
I X ((1 - <*r") 7 (J) - (1 + ckO r£ (7 (£) ) ) **v 

(15) ~ J v ^ (r) ' Hd/iv + Ju 7 (r) xY ' Hd ^ V 

~ lu 1 ^) V X (pDp + Y)dnv -J xr^ (7^)) iV^pl 2 ^- 

Let r be such that 1 — 2cnr a > and set T = 2ckq; _1 , where c is the constant 
appearing on the LHS of |(15)| Note that 



,IY 



r ° d ( (p\\ Tr cl-2ctir a fp\ d fe Tr 



7 r -e - 7 - =— — — 7 - 



( r ) 97' 



r dr \ \r J J r 2 \ r ' dr \ r 

Hence after multiplying | ( 1 5 ) | by — (1 + ctir a )~ x e Vr r~ 2 we get 

d /e r,c 



X7 (^) d Pv 



dr \ \r 



(16) > - ^- / 7 (-) X/^Mmv hi-) x\Y\\H\dnv 

Letting 7 increase to the indicator function of (—00, 1) and integrating | ( 1 6 ) | from 
a to r, where < a < r, we get the following monotonicity inequality for 
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tubular neighborhoods of B: 



r<r° 



D Tr° 



Xd/iv < 



X d P\ 



(17) 



X -\Y\\H\dfi v 

T r P 



■ Xr r 



X \H\dp v + e L 
[ \Dx\(l + VlW^ / X-|V^| 2 d^ 



Note that the last term on the RHS of |(17)| is negative so it can be dropped. 
The other terms, because of the estimate for Y (cf. (12) ) and the fact that H is in 
L p (cf. Pg), are bounded. Hence we can let a — > and this gives 



(18) 



lira — 

h->-0 h 



xdp v < c 



where the constant c depends on k, a, a, W. This proves |(2)| i.e. that V is of 
bounded variation or equivalently that \\SV\\ is a Radon measure. This implies 
that for any vector field X with compact support in U we have that 



SV(X) = 



X ■ Hd^x 



U\B 



X ■ rjdV, 



sing 



where 
(19) 



X ■ rjdV S i llg = lim 



1 



h->0 h 



X ■ Vpdfi\ 



(cf.[H[(D. 

We finally want to prove that rj = rj(y) G N y B, for all y g B. 

Let X be a vector field with compact support in U and such that X(x) E T S B, 
Vx G U, \X\ < 1, where x is as in Definition 11.31 Using Remark 11.41 and the fact 
that x — .t G N S B we have 



\X ■ Vp\ 2 < 2 



X-(Dp 



2\X ■ V^p\ 2 < cK 2 p 2a + 2|V- L p| : 



and so 



X ■ Vpdp v < ( - 



dp\ 



2|V^p|' 



cp 



l dp\ 



T h nsptx 



Using the monotonicity inequality | ( 1 7) | and the fact that V is of bounded variation 
(in particular inequality (18) I we have that for any x with compact support 

X dpv < 00 



hence 



lim — 

h->0 h 



X ■ Vpdp\ 



0. 



Th 



Because of |(19)| this implies that X(y) ■ rj(y) = 0, Vy G B and so rj{y) G N y B, for 
all y G B. □ 
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We would like to derive now a monotonicity formula for the ratios 

r- k m{r) := (B r (b)) 

where 6 is a given point on BDU and r > is such that B r (b) C U. Such estimates 
can be found for example in [A"Ir75l IHS791 IDS93bl IDS93al IBro77j . However, for 
completeness, we provide the formulas that will be needed for the proof of the main 
boundary regularity theorem, Theorem 13. 141 

Having established the first variation formula, Lemma 12.11 we can use it with 
the vector field 

X(x) = (t>{d{x)){x-b) 
where d(x) = \x — b\ and : M — > R is a smooth function with compact support in 
[0,i?/4 — Then we can argue as in the interior case (i.e. when B r (b) n B = 0, 
cf. |Sim831 §17]) and by letting 4> approach the indicator function of B r (b), where 
< r < R/4 — |6| we get the following monotonicity identity: 

+ r~ k - 1 / (x - b) ■ r)(x)dV sins . 



>BnB r (b) 

Recall that rj(x) G N X B for all x E B n U and so, using [O] we can bound the last 
term by 



Ibi 



< Kr 1+a \\V sing \\(B r (b)) 



(x — b)- r](x)dV sing 

BnB r (b) 

We now want to estimate ||14i ng (i? r .(6))||. 

In the proof of the first variation formula we have shown that this singular mea- 
sure is equal to a limit of integration along tubular neighborhoods of B (equation 
|(19)| in the proof of Lemma 12. ip . Hence using the monotonicity inequality for 
tubular neighborhoods ((17) in the proof of Lemma l2~Tj) with \ approaching the 
characteristic function of B r (b), a — > and replacing the initial ball -Br(O) with a 
smaller ball Br>(0) if necessary (with R' depending only on a, k, so that the terms 
e Tr and \Y\ appearing in the monotonicity inequality are sufficiently small), we 
get the following estimate of the singular measure in terms of m(r) 

2.3 \\V shlg {B r (b))\\ < -m(r) + 4am(r)i + 4m'(r). 
Using the notation 

m(r) := r~ k m(r) 

we have that 

2.4 ||V r sing (B r (6))|| < (2 + 4k)r k - 1 m(r) + 4ar^ m(r)« + 4r fe m'(r). 



Lemma 2.5. There exists a function $(r) and a constant A = A(k,p, a) such that 
for r < R/4 

(1) e* (r) m(r)? + Ar 1- * 

is an increasing function ofr. 
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$(r) = nr , A = exp 

pa p — k \ pa 



In particular 



Proof. By using the estimate for the singular measure 12.41 in the monotonicity 
identity 12.21 we get the following 

-/, n d f iV-Lrfl 2 , . „ N _*L _ , ,i 

m (r) > — / — -, — day — (1 + Anr )ar "m(r)i 

dr J B r (b) d 

- (4k + 2)nr a - 1 m(r) - 4nr a fh'(r) 

Since nr a < 1 we get that 

„«-i^ ^ l± f \V ±d \ 2 
5 dr Jnrh) d k 



m'(r)+ar p rh(r) i + (4k + 2) nr a m(r) > -— / jA > 

" '-Br (6) 



and multiplying by m(r) « we get 

fh' (r)m(r)~ t + (4k + 2)nr a ~ 1 fh(r)p > —ar~p. 

Let 

Ah 4- 2 

(2) $(r) = — /tr" 

pa 

then by multiplying the above inequlity by p — 1 e*( r ) we have that 

/$(,.)_, a\' o $w _* a /4fc + 2 N 

I e v >m(r) p > e v 'r p > — exp - 

V I p p \ 

Finally, letting 

a {4k + 2 

(3) A = exp 



pa 



p — k \ pa 
we get that 

(e* (r) m(r)p + Ar 1 "^' > 
which proves the lemma. □ 

As in the interior case [A117 2 , Sim83. , immediate consequences of Lemma [53] are 
the following results about the density at points on B and the existence of tangent 
cones. 



Corollary 2.6. The density 



Oy(6) = limw fc 1 m(r) 



exists for all b <E B n U and is upper semicontinuous as a function on B HU : 

®v(b) > limsup Qv(y)- 

yGB 

Corollary 2.7. V has a tangent cone at all points b <E B n U . 

We also have the following corollary about the density at boundary points, for 
the proof of which we refer to |AU75j since it is identical to the case when B is a 
C ' submanifold. 
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Corollary 2.8. For all b e BC\U 

®v{b) > \. 

Finally we want to prove one more monotonicity lemma. 

Lemma 2.9. Let r Q > be such that Anr% < 1/2, Arl~ k/p < l/2(u k /2) 1 / p , where 
A is as in Lemma 12.51 

There exists a function *5f(r) such that for all < a < r < ro and b G B such 
that B r {b) C U 

\V^d\ 2 



2 J B r (b)\B a (b) dk 



-d^Lv 



(1) e* (<T) m((7) < e*^m(p) - \ 
and 

(2) e-*^»n(tr) > e"*Wm(p) - 2 / LY^l! d/iy . 



7h particular 



*(r) = 4(2A: + 1) ( aA »> ( 1 ) r p+a^w 



• (6)\B CT (6) ^ 



A I „1-* , „-l a 



where \ = ±exp(-^)^. 

Proof. We first get a lower bound for m(r) by letting er 4- in the monotonicity 
formula of Lemma 12.51 and using the lower bound for the density at a boundary 
point (Corollary EE}: 

m(r),>-exp^-— — =► . 

m(r) > Ar fc 

where A = exp (— +2 ) Hence we have that 

(3) / |if|d/Lty < am(r) 1 ~p < aA~ ? 77i(r)r~ * = a\~p fh(r)r~ . 

J B r (b) 

We estimate the singular measure as we did before fin I2.4|) . using the monotonic- 
ity inequality for tubular neighborhoods (inequality | ( 1 7) | in the proof of Lemma l2.1j) . 
but now estimating the terms involving H by |(3)| 

\\V sing (B r (b))\\ < (4fc + 2)r k - 1 fh{r) + Aa\~7r^fh{r) + 4r k fh\r). 
Using this estimate in the monotonicity identity 12.21 we get 

m'(r) - ( aX~*r~v + Kr - 1 ) (4(2fc + l))m(r) < 2-$- ( ^3 du v 
v ' drJ Br[b) d k 

where we have used the assumption 4nr a < 1/2, and similarly we get 

m'(r) + (a\~rr~i + nr 01 " 1 ) (4(2fc + l))m(r) >-^-( ^—^-d^ v . 
V I 2rfr./«cM <r 



Br (6) 

Let 

*(r) = 4(2fe + 1) f aA - ? fl - ^ r 1_ 5 + oT x nr a 
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Multiplying the first inequality by e and the second one by e*( r ) we have that 

( -Mr)-, /o d f IVMf , 



Br (6) 

and 

7-L j|2 



I 6 m(r) J ^2TrJ B(b) ^^ dliV 



I B r (6) 

and the lemma then follows by integrating these two inequalities. □ 

3. Boundary Regularity Theorem 

From now on we assume that V, B are as defined in Section [TJ satisfying 11.11 and 
properties P1-P3 and we take R small enough (depending on k, a,p) so that the 
monotonicity Lemmas 12.51 12.91 arc satisfied in U = B R (Q). 

For simplifying computations we make the following assumption: 

T B = R k ~ 1 x {0}"- fc+1 

so that 

BnB R (0) = graph V> nB R (0) 

where 

3.1 tp : B R (0) n M fe_1 -> R"- fe+1 

is such that -0(0) = 0, Ztyi(O) = and 

M!° +||D^|| + iJ«[D^] a < K 
K 

(cf. Remark O]) . We will be using the notation V = R^ 1 x {0} n " fe+1 and 
T /J - = {0} fc_1 x M n_fe + 1 1 so that for the corresponding projections wc have that 

proj T ,(x) = proj ToB (a;) and proj T ,_L (x) = proj NoB (x) . for all x G K n . 

Definition 3.2. For each a € M™ n Br ; (0), we define u>(a), to be the unique point 
in B n -Br(O) smc/i t/iai a — w(a) £ T and £(a) 6e f/ie rea^ valued function 
C(a) = |o — w(a)|, i.e. 

w(a) = (proj T ,(a),V(proj T ,(a))) 

C(a) = |-0(proj T ,(a)) - proj T ,_L (a)\. 
For all a ^ B we define x( a ) to be the projection ofM. n onto the subspace K fe_1 x 

Then the following holds 

I proj T , (uj(x) — w(a))| 2 > \ui(x) — w(a)| 2 — | proj T ,^ (u>(x) ~ w(a))| 2 
> (l-(R a K ) 2 ) \lu(x) - uj{a)\ 2 

and hence 

\u(x) -u(a)\ < (1- (i? Q K) 2 )"5| pr0 j T ,(a;-a)| 

< {l-{R a nf)~^\x-a\. 

Wc state the following interior regularity lemma, which is a consequence of Al- 
lard's interior regularity theorem. 
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Lemma 3.4. Assume that 

R- k uj^n v (B R (0)) < i±* 

Then for each 0<7<1, rj>0we can /md k, a and 5 small enough so that 

i N = spt fly H i?(i_ 7 jfl(0) \ B is a non-empty continuously differentiable It- 
dimensional submanifold ofW 1 , which is closed relative to B^ 1 _^ R (0) \ B. 

ii For each a £ N, \x(a) (x — a)\ < rj\x — a\, for any x £ N n B^ a )(a). 
hi 0y(a) < 1 + rj, for any a £ N. 

The proof of this lemma is as in the case when B is a C 1 ' 1 submanifold |A11751 
Theorem 4.3] and thus we omit it. 

We will finally need the following definition: 

Definition 3.5. The tilt-excess E(x,r,T) of the varifold V with respect to a k- 
dimensional subspace T of W 1 is given by 

E{x,r,T) = r~ k / || proj T M - proj T \\ 2 dfx v (y). 

JB r (x) 

We also define the following quantities 

( — 
E*(0,R,T) = maxiE(0,R,T),R 2( - 1 -in[ \H\ P ) , (nR a ) 



and 



^(0,i?,T) =max J £ , (0,E,T),£- 1 i? 2(1 -| ) ( / \H\A ^^(kR 01 ) 2 

\Jb r (o) J 

Often and when there is no confusion we will simply write E* , E* for the above two 
defined quantities. 

Lemma 3.6. For any b £ B, r > such B r (b) C -Br(O) and T a k-dimensional 
subspace with T\,B C T we have that 

E(b, r/2, T) < c [ r~ k ~ 2 [ dist(z, T) 2 dfi v (x) + r 2 ~ k f \H\ 2 dfi v + (nr a ) 2 j 

\ JB r (b) JB r {b) J 

where c is a constant that depends only on n,k,R. 

Remark 3.7. Applying Holder to the RHS of the inequality of Lemma 13.61 we get 

dist(x, T) 2 dny(x) 



E(b,r/2,T) < c[r- k - 2 [ 

V JB,,(b) 



M-V / \H\*dnv + (^") 2 

\JB r (b) J / 



For the proof of Lemma 13.61 we will need the following notation: Let 
P = {O}^ 1 x E x {0} n " fe = T' x n (R k x {0}"" fe ) = N Q B n (R k x {0}' l ~ fc ) 
and let 

B = B + P. 
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Then B is a C 1,a , fc-dimensional manifold and B n -Br(O) can be written as a 
C 1 '" graph above R fc x {0} n_fc , i.e. there exists a C 1,a function 

ip : R fc n B R (0) -> R n " fe 

such that B n Br(0) = graph -0 n -Br(O) and 

3.8 M£ + ||D^|| + i 2»[£,^] a < w . 

In particular for x € R fc_1 and (x, x') € R fc we have that 

0(x,x') = (V 2 (x),...,V"- fc+1 (x)) 

where ^ = ip 2 , . . . , ip n ~ k+1 ) : R fc_1 — >• R"~ fc+1 is the function whose graph is 
equal to B in -Br(O) as defined in 13. II Note that the smoothness conditions 11.11 and 
Remark 11.41 still hold with B replaced by B. 

Finally we define p to be the distance from B, i.e. p(x) = dist(x, B). 

proof of Lemma 1 3. 61 Without loss of generality we can assume that b = 0, T = 
R fe x { }«-fc. 

Let W be a Whitney partition of R™ \ B. Then 

flfl(0) \ B C U CeW C 

where the elements C of W are cubes such that if pc = dist(C, B) > then 

diamC < pc < 3diamC. 

Let xc G C be the center of the cube C and yc G -B be such that |xc — j/c I = p{%c)- 
Finally let <j>c be a partition of unity suboordinate to W and such that 

\D<j> c {x)\ < Cpixy 1 

where C is an absolute constant. 

For each x £ C, we define x c to be the unique point in B n B(yc, 2pc) such that 
x' c — x <G N yc B. Then by Remark [L4l we know that if x e i? n -Br(O) is such that 
|x — x| = p(x) then 

(1) |x c - x| < cnp(x) 1+a < CKpg-". 

We define the following vector field 

X = C 2 ^2 faXc 
cew 

where 

X c (x) = proj T i (x - Xc) 
and C is a smooth real valued function with compact support in B r (Q) (where r is 
as in the statement of the lemma) and such that 

C(x) = l,Vx G B r/2 (0) and |£»CI < 3/r. 

Since X(x) = 0, for all x G B (1 Br(0), the first variation formula implies that 



(2) / div AI Xdn v = I X ■ Hdp v . 
We will estimate 

(3) divAf x = 2c J2 ^ v M c -x c + c 2 J2 - x c + c 2 J2^ d[vM x ^ 

cew cew cew 
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For each CeWwe have that 



1 



divM = ^| proj TjcM - proj T | 2 . 

To see this let t = (t^), e = (e y ) denote the matrices of the projections onto T and 
T X M respectively, then 



(4) 



proj TxM — proj T | 2 = ej(e + 1 — 2et)ej = 2k — 2^ ej(ei) 



= 2^ ej (e(7-t))e 3 - = 2 £ e «. 

j=i i=fc+i 

To estimate the two first terms on the RHS of |(3)| note that 

V M C ■ X c = V M C • (proj T x (x - x' c ) - proj T± (x - x)) 



cew 



= X] ' (P rO JT !c A/ o P r0 jT^)( :z; - x 'c) 

cew 

and 

(5) V M C ■ X c (x) = DC, ■ (proj TxM oproj T i)(proj Ti (x - x^)). 

Hence using (1) 13.81 and the Cauchy-Schwartz inequality, we have that for any 
e > 



C 2 £v 



M, 



be ■ X c 



< eC 2 | W0} Tx m - proj T | 2 + -CV") 2 



and 



|CV M C • X c \ < |C|PC||proj T , M -proj T |(| proj T x(x)| + |proj T x(a:fc)|) 



< < 2 | projjvM ~ Proj T I" + ~ r ~ 2 (dist(x,T)) 2 + -(nr a ) 2 . 



For estimating the RHS of the first variation formula (2) we note that 

\X C ■ H\ < d[St{ ^ T)2 + ( K r a ) 2 + 2r 2 \H\ 2 

Hence using the above estimates in the first variation formula |(2)| for sufficiently 
small e > 0, we get the required estimate of the lemma 



E{0,r/2,T) <c[r 



-k-2 



B r {b) 
+ r 2-k 



dist(x, T) 2 dnv (x) 

\H\ 2 d^i v + {nr a ) 2 

B r {b) 



□ 



Lemma 3.9 (Lipschitz approximation). Assume that 
(1) 



For any 7 G (0,1/4), / € (0,1] i/iere exists 8 > suc/i i/iai z/ (1) holds, then 
there exists a Lipschitz function 

f = (f\f, . . . , f n - k ) : H n S 7i? (0) -4 M"- fc 
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where H is one of the two regions ofTnBn(0) defined by proj T (B), with Lip / < I 
and 

(2) U k (((apt V \ graph/) U (graph / \ spt V)) n B 7 h(0)) < cl~ 2 E*R k 

where c = c(n, k) is a constant, E* = E*(0, R, T) and T is a k- dimensional subspace 
such that T' = TqB C T. 

Proof. We can assume that E* < SqI 2 , a small multiple of I 2 , since else we can 
trivially pick / = and then appropriately choose c so that | (2) | holds. 

For any 7 £ (0, 1) we take 5, Sq small enough, so that the conclusions of the 
interior regularity lemma, Lemma 13.41 hold in i? 7 ^(0) and with 77 < rj(l) that we 
will choose later. 

We define the following set 

(3) G = (B n B 7 jt(0)) U (spt V n B lR (0) n {a : \\ X {a) - proj T || < 2»/(/)}) 

where x( a ) is as m Definition 13.21 
Claim: For all x,y € G: 

(4) I proj Ti (x - y)| < (10*7(0 + 4£r 1/2 )|x - y\. 

Note first that if both x and ?/ are in B n £? 7 i?(0) then since T x C T and by 
11.11 we have that 

\ W o) T± (x-y)\<2E* 1/2 \x-y\. 

So we can assume that one of them, say y, is not in B. 
Assume first that 

\x-y\< CO/)- 

Then by Lemma I3T41 (ii) we have that \x(y) J ~( x ~ y)\ < v\ x ~ u\ an d so 
\p™j T ±(x-y)\ < |proj T _L o X (y)(x - y)\ + | proj Ti o X (y) J -(x - y)\\ < 3r](l)\x - y\. 
Assume now that 

\x-y\> ((y). 

Note that for all y e G 

|proj x x(y-o;(j/))| = |(proj r -L o X {y)){y - uj(y))\ <2i]((y). 

Furthermore for <5o small enough (so that {nR a ) 2 < 3/4), we have by 13.31 that 
\oj(x) — uj(y)\ < 2\x — y\. Hence 

\proj T± (x - y)\ < |proj T _L(a; - uj(x))\ + \ pioj T± (uj(x) - uj(y))\ + | proj T _L (uj(y) - y)\ 

< 2r,C{x) + \pT0] T ±((j(x)-uj{a))\+2r)((y) 

< 2 V (\x -y\ + ((y) + \u(y) - u(x)\) + 2 K R a \u(x) - w(y)\ + 2r,\x - y\ 

< 10r)(l)\x- y\ + 4E* 1/2 \x- y\ 

and so the claim is true. 
Since 

\x-y\ < |proj T x(x- y)\ + |proj T (x - y)\ 
we have that for all x, y € G: 

I proj Ti (x - y)\ < (1077(0 + 4£T 1/2 )(| pmj T± (x -y)\ + \ proj T (x - y)\). 
So picking 

*W = To 
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and 



we have that 



16 1 ' - 16 



5 < => E* l/2 < 



(5) Wr,{l)+4E* 1/2 < l - 
and therefore 

|proj T i(x- y)\ < l\proj T (x-y)\. 

Hence G = graph / where / : proj T (G) — > T 1 - is a Lipschitz function with lipschitz 
constant at most I. 

Note that by definition of G and by the interior regularity lemma (Lemma 13.41 
(ii)), proj T (G) lies only on one region of T n B 1 r{Q) defined by proj T (-B). Call- 
ing this region H and using the extension theorem for Lipschitz functions we can 
construct a Lipshitz function 

/:5nB 7K (o)^ Tl 

with Lip / < I and such that G C graph/. 

By the above height claim [(4)] and by the choice of r](l), So (cf. |(5)[ ) we have that 

| proj T j_(a;)| = | proj T j_(a; - 0)| < l/2\x\ ,Vi G G 

and thus, by truncating the extension if necessary, we also have that 

(6) sup |/|= sup |/| = sup{diBt(s,T):zeG^ <*-!-. 

HnB-, R (0) proj T (G) 1 

Let 

G' = (sptyn5 7fl (0))\GD (spt^nB 7fl (0))\ graph/. 

We want to estimate T-L k {G'). 
For x £ G' we have that 

II Proj^M - Proir II > 11x0*0 - proj T II - II WO} Ti m — x(^)II > 2 v(l) - vQ) > VQ) => 

I projiLM - P ro JT I 2 > c v( l f 



where c depends on n,k. By Lemma 13.41 (i), (iii), spt^ is smooth away from 
B and Qy(x) < 1 + T](l), Vx £ spt V \ B. So for every x £ G' , there exists 
p x < mm{p(x), (1 — j)R}/5 such that 



and 



P r ojT H -proj T || 2 > -T)(l) , Vy e S Px (x) 



1 p v B 5p {x) 

2-^F- 2(1 + 7?W) ' v ^-^- 

Hence for all p < p x we have 

P~ fe / I proj T - proj T M \ 2 dp v (y) > -r)(l) 2 p~ k p v (B p (x)) > c——uj k . 

JB p (x) J * 4 
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The collection of balls {B Px (x)} X £G' is a cover for G', so using the 5-times 
covering lemma we can pick {xijiGN C G' such that {B Px , (xi)}iGN are disjoint and 
G' C U ieN B 5pxi ( Xi ) C B R (0). Then 

MG') < E Vv(B 5p ^ (a*)) < 2(1 + V (l))u k 5 k J2 P k Xl 

iGN iGN 

'V ' iGN B P*i ' 

Since 8y(x) > 1 for x S G" we get that 

■H fc (G") < /iy(G') < cr 2 R k E*. 

Hence 

(7) £T fc ((spt Vn B 7 k(0) \ graph/) < cl~ 2 E*R k . 

Now we want to estimate the measure of (graph / \ spt V) fl B lR (0). We will do 
this using the following: 

Claim: For I, So sufficiently small, the following holds: For each x £ (graph / \ 
spt V) n B jR /4(0) there exists x £ (graph/ \ spt V) H -B 7fl / 4 (0), p x > such that 
the following hold: 

i B Pm (x) n spt V = , S Px (x) n spt V ^ 

h s (1+ j, )p .(2)nB = 

iii a; € B4 Pa: (x) 

Notice that it suffices to prove the lemma for small values of I. That is because 
if it is true for any / < Iq and /; is a lipschitz function as in the statement of the 
lemma with I = lo, then for any I > Iq, fi satisfies the lemma with the constant c 
of the lemma (in |(2)[ ) replaced by cIq 2 . 

Proof of Claim: Given x £ (graph / \ spt V) n B lR / 4 (0), let 

a = max{p : 3y £ graph / n B^ R u such that B p (y) n spt V = , 

B p (y) n spt V ^ and x £ B 5p/4 (y)}' 

Let y = (yi,f{yi)) £ graph / \ sptV be such that B a {y) satisfies the above 
properties and let y = (yi,f(y~i)) £ B be such that \y — y\ = dist(y,S). Be- 
cause of the choice of a there exists z = (zi,f(z 1 )) £ spt V n dB cr (y) such that 
dist(zi, <9-ff) > |yx — Vi\ — with (3 — > as I, So —> 0, so that for i, 5q sufficiently 
small dist(zi,<9iJ) > a/4. 

Then we can pick x\ £ B k (yi), so that for x = (xi, f(xi)) we have the following: 
V £ B <7 / 2 (x) C B a (y), z £ B 5 „/ A (x) and B lla / W {x) n -B = (e.g. pick xi in the 
direction of y\ — y\ and such that \x\ — y\\ < er/10). So that the claim is true with 
p x £ ((7/3,5(7/4). 

Now let x £ (graph / \ spt V) R B lR /±, B Pa .(x) be as in the above claim and let 
y be such that y £ spt PI dB Pm (x) . Then by the interior monotonicity formula 
Sim83l Theorem 17.6] and for (5o sufficiently small we have that 

(8) (^*) M^(£))>7^(^) p v {B^{y))>^- k - 1 
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and 



Since 



Bu p JS)\B Px (x) 



IV-Lrfp 

d k 



\V ± d(z)\ 2 = \pro} N ^ M (D\z-x\ 



\z-x\ 



we get that 



Hv{Bii p (x)) < cp k x 



< c 



Bu (x) 

TUP* 



Bu (x) 

TO Px 



W0] NzM 



z — X 



proj T j 



dnv{z) 



dfiv(z) 



P r °jT 2 M ~ Woj T I dnv{z) ■ 



Since x G graph / and Lip / < I we have that for z £ graph / 

( z — x\ 2 2 
W0) T ± I — — I < « 

hence 



(9) 



(»)) < c( Z 2 /iv (fl^p. (*)) + (b^ Px (2) \ graph /) 



Projr.M - P r °j T | 2 ^v(z) 



We can take I small enough so that d 2 < 1/2, where c as in |(9)| Using [(8)| we 
have that 



f£<c(nv(Bfi pm (x)\ graph /) + ^ 



projr.M - P ro jT | 2 <W(z) 



T0 Pl 

Hence for any x = (xi,/(xi)) € (graph/ \ spt V) R B 7 _r/4 we can find x = 
(Si, f(xi)) € (graph/ \ spt V) n ByR/4 and p = p(xi) so that x € ^?4 Pa . (x) and 

H k {Bt; (x^) < c(n v {Bu (x) \ graph/) + / | proj T . A/ - proj T \ 2 dfi v (z) 

V JBu p{ x) 

x R"~ fe ) n S 7R (0)) \ graph/) 

I Proj^M - P ro JT | 2 d/xy(z) 



< c 



(B^j (Si)xR"- fc )nB 7 ij(0) 

10 p 

Using the 5-times covering lemma we can take a disjoint collection {B k , \(xi)} 



such that 



proj T ((graph/ \ sptV) n B jR/4 (0)) C U xl B k xi) ( Xl ) 
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and so 

U k (proj T ((graph / \ spt V) fl B lR/i (0)) ) < ]T U k (B k 20p{xi) (5?! )) 
(10) <cf/i V (B 7fl (0)\ graph/) 



/ I P r0 .j7\M - Projr | 2 ^v(z) 
Jb-,r(o) 



'-B-yJi(O) 

The fact that Lip / < I along with |(10)| and |(7)| imply that 

U k ((graph / \ spt V) n B yR/4 (0)) < cl~ 2 R k E*. 
Hence the lemma is true with 7 = 7/4. 

□ 

Remark 3.10. Let f : H fl -B^ fl (0) — > M. n ~ k be the Lipschitz function constructed 
in Lemma 13.91 and suppose that E* < e. Then for e small enough the following 
holds: Ifa£ (spt V H B lR (0)) \ graph/ then p(a) < uj^ 1/k E^ 2k R. 

To see this recall that we picked 5, E* small enough, so that Lemma 13.41 holds 
with 77 = rj(l) = 1/40. Hence we have 

Vv(B p{a) (a))\T - \{a)\ 2 < / | proj Ta . M - proj T \ 2 dfi v (x) + pv{B pia) (a))r] 2 

J B p{a) (a) 

<R k E + p v {B p{a) {a))ij 2 . 

Using the interior monotonicity formula (cf. [Sim831 Theorem 17.6],), we can pick 
e small enough so that 



1 



p(a) fx v (B p{a) (a)) > -w k 
and therefore if p{a) > u k 'E x l 2k R then 



\T- X (a)\ 2 <2u J ~^ 



R x 



E + rf < An 2 



A a ), 

provided that e 1 ! 2 < n 2 . But this implies that a G G, where G is the set defined in 
|(3)| of the proof of Lemma l3.9l and satisfies G C graph/. 

Lemma 3.11 (Harmonic approximation lemma). Let il be a domain in R k such 
that d£l is C 1 and G dft. For any r > 0, e > there exists 6 = S(k,e) > such 
that the following holds: If f G W 1 ' 2 ^ H B r (0)) is such that 



I \Df\ 2 dU k < 1, 

JnnB r (o) 

r' 1 sup l/l < 5 

oons r (o) 



r~ k 



[ Df ■ DCdU 1 



< 5sup|L»CI 



for any ( G C c °°(B r (0) fl Q), and if 

Wdn(x) ■ (x - y)\ < S\x — y\ , Vx, y G dfl n B r (0) 
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where vqci denotes the outward pointing unit normal to dfl. Then there exists a 
function w G W 12 (B r (0)) with the following properties: for some half space H of 
M fe , w is harmonic in H n B r (0), 

w(x) = 0,Vie B r (0)C\dH, 



\Dw\ 2 dH k < 1 



HnB r (0) 



and 



„-fc-2 



(w - f) 2 dU k < e. 

'nnB r (o) 

Proof. Suppose that the lemma is not true. Then for some e > we can find 
a sequence of domains with G Oi,Vi and corresponding functions /j <E 

W 1 ' 2 ^ n B r (0)), such that for all i: 



(1) 
(2) 

(3) 

and 

(4) 



\v an% (x) ■ (x-y)\ < -\x-y\, Vx,y G 9O, nB r (0) 



\Dfi\ 2 dU k < 1 



n i ns r .(o) 



- 1 SUp < i Wfc V"* / l/< 

an;nB r (o) * Jao,ns r (o) 



2 



Dft ■ D(dH" 



< -supl^CI 

i 



'i!,nB r (0) 

for any ( G C£°(B r (0) n O,), but such that 

r- k - 2 f (w- f l ) 2 dU k > e 

JOins r (o) 

for any w G W 1,2 (B r (0)), such that for some halfspace H of M. k , w is harmonic in 
H n B r (0), w = 0on B r (0) and 



Dw\ 2 dH k < 1. 



Let 



j?nB r (o) 
1 



|fi, n B r (0)| Jn z nB r {o) 



fidU k . 



Then p)| and p)| imply that H/jlUu^niMO)) < cr fc+1 and so ||/i|ll2 (n . nBi . (0)) < 
cr k+2 . with the constants c being uniform in i. 
By the Poincare inequality we get 



-fc-2 



|/i - fiVdH* < cr 



a,ns r (o) 



\Df l \ 2 d'H k < c 



and so 



for all i G N. 



-fc-2 



'n,nB r (0) 
f?dW. k < c 



n;ns r (o) 
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Let Efi e W 1 ' 2 (W l ) denote an extension of f t to R". Since \\fi\\w 1 - 2 (n i nB r (o)) 
are uniformly bounded we can also take Efi to have uniformly bounded W 1 ' 2 - 
norm and hence we can apply Rellich's theorem to conclude that after passing to a 
subsequence 

/ \Efi - w\ 2 dU k -> 

JB r {0) 

for some w € W 12 (B r (0)). 

Because of (1) after passing to a further subsequence, if necessary, we have that 
dVli n B r (0) — > dH n B r (0) for some halfspace H of M. k and where the convergence 
is in the C° sense for all j3 < 1. Hence we have that 

(5) / \f l -w\ 2 dU k ^0 



and also, by (2) (4) we get respectively 

r- k [ \Dw\ 2 dH k < 1 

JB r (0)nH 

and 

r- k I Dw ■ D(dH k = 

JB r {o)nH 

for all C e C c °°(S r (0) n H), i.e. w is harmonic in H n B r (0). 

Without loss of generality we can assume that H = {x G R k : x k > 0}. For any 
C G C°°(B r (0)), we have that 

DlIOIH' = - f f t D k (dH k + f fiCv k gn dU k -\ 

B r (0)r\Ui JB r (0)nQi JdQinB r (0) 



Taking the limit for i — s- oo and using (3) (5) we get 

/ D k w(dH k = - [ wD k (dH k 

JB r (0)nH JB r (0)nH 

and so w = on B r (0) n dH, 

Hence we have a contradiction. □ 

Theorem 3.12 (Tilt excess decay theorem). There exist e,S > and 9 e (0,1) 
such that if 

R- k Lo~^ v {B R {Q)) < i±* 

and 

E*(0,R,T) < e , where T = R k x {0}™ _fe 

E,(O,0R, S) < max{0 2a ,& l ( 1 -V p ')}E m (O,R,T) 
for some k- dimensional subspace S C 1™, such that T' = R fc_1 x {0}"~ fc+1 C S. 

Proof. By Lemmas 13.41 I3.9[ for any 7 <E (0,1/4) and 77 € (0,1) we can take 5, e 
small enough so that 

(1) Q v (x) < 1 + 77 for all x e B 7jR (0) n spt V" 

and there exists a Lipschitz function / = (J 1 ,/ 2 ,..., /™" fe ) : n S^ R (0) -> R"" fc 
such that Lip / < 1 and 

(2) H fe (((graph / \ spt V) U (spt V \ graph/)) n S Til (0)) < cE*R k 
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where c = c(n, k), E* = E*(0, R, T) and recall that H is one of the two regions of 
T defined by proj T B. 

The first variation formula, applied for the vector field X = C e k+j, where 1 < 
j < n - k and C G C^{B lB {Q) \ B) gives: 

Ce k+J ■ Hdfi v = / Vx k+j ■ V(dfi v . 

B R (0) Jb r (0) 

Let P{x) = P(x x , . . . , x n ) = fifa 1 , . . . , x k ) for j = 1, . . . , n - k and let Mi = 
M n graph/, where as previously we use the notation M = spt V. Then on Mi we 
have that x k+j = f J , so 

/ V/ 3 • VCdnv = - I V.T fc+J • V(dfx v + [ Cek+j ■ Hdfxy 

JAh JM\M! Jm 



Since E* < E*, by |(2)| we have that 

H k ((M \ Mi) n B 7R (0)) < cR k E t . 
Using the assumption on /j,v{Br(0)) we get 

f tek+j-Hdfiv < ||H|| iP(BR(0 )(My(B 7fl (0))) 1 -isup|C| < cEls^R k sup \DC\ 
Jm 

where c = c(k,p). Hence 

(3) / V/ J -S7(dnv < cR k (E* +£*M) sup \D(\. 

JAh 

Furthermore, since 

^ n—k 

2 I Projr.M - Proj T | 2 = ^ | 2 
i=i 

(cf. |(4)| in proof of Lemma 13. 6p we have that 

(4) f \Vf\ 2 d f i v = [ \Vx k+3 \ 2 d^ v < R k E < R k E*. 

JAh JAh 

Now let Ci G C^{B k R/2 {0)r\H). Then there exists a function <fi G C c 1 (S 7 _ R (0)\S) 
such that (ifiV 2 !---! 1 ") = Ciix 1 , ■ ■ ■ 7 x k ) in a neighborhood of (B k R ^ 2 (0) x 
jjn-fc) p| y p| This is true because for e small enough we have that 

dB lR n spt V n {B k R/2 x M"- fe ) = 

(cf. Remark EES]). 

Note that on M n B 7 i?(0) 

= pro i T (Df) and L>Ci = proj T (DCi) 
so for all x G Mi n Bjr(0) we have 

\VP ■ VCi - £/ J ■ X>Ci| < I proj TK M - P roj T |W J II^Ci| 

and 



< I Projiv at - proj T | 2 |D/ 



J 1 2 
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Using these two estimates as well as |(3)| with £ replaced by £i and |(4)| we get 
that 



(5) 

and 

(6) 



R- k I Df ■ DCidnv 

Ah 



< c(Eis* +^)sup|L>Ci 



R -k / \Dp\ 2 d^ v < cE* 

J Mi 



where we have used the fact that \Df J \ < 1 on M\. 

Define F : R fc -> K"+ fc to be F(» = (x,f(x)),Vx € B* fl (0). Using the area 
formula for F, along with the above estimates (5)[ (6) and also the density and the 
measure estimate 



R 



-k 



(O)nff 



(T)]and[(2)] we get that 
Df -DCi(e oF)J(F)dH k 



< 



R- k I DP ■ DCidfiv 



RT 



DP ■ DCi6dH k 



' graph /\Mi 

< c(Eiet +£;*)sup|L>Ci| 



and 



RT 



\Dp\ 2 {9 o F)J{F)dU k < cE* 

where J(F) denotes the Jacobian of F. 

Since for J(F) we have that 1 < J(F) < + c\Df\' 2 and for the density 
1 < 6 < 1 + rj for /j,y-almost every x £ M, we get that 

(7) R~ k [ \DP\ 2 dU k < R- k [ \Df j \ 2 (8oF)J(F)dH k <cE* 

and 

r k I DP ■ DC,idU h 



T-R/2 



T-R/2 



H "B* (0) 



(8) 



< c(£:* 2 £5 + sup)|DCi| 

+ csup|^Ci|^ fc / V \Dp\ + \Dp\ 2 dH 

JB k „,J0) 



< c((r? + £5)^| + sup \Dd\. 
Note also that by 11.11 we have that 

(9) | proj^gjjOz -y)| < e*£*|a: - y\ , Vx,y e dtf n S 7fl/2 (0) 
and 

(10) fT 1 sup | < e^|. 

Because of the above estimates |(7)| |(10)[ |(9)| and |(8)| we can apply the harmonic 
approximation lemma (Lemma 13. lip to the functions gi = E* 1 ' 2 fi , Hence for 
any a > we can choose e, rj > small enough so that there exist functions w 3 € 
W 12 (B lR / 2 (0)) that are harmonic on HDB k R ^ 2 (Q), where H is one of the halfspaces 



BOUNDARY REGULARITY FOR C 1 '" BOUNDARIES 



2.3 



on T defined by {lei 1 : x k = 0} (recall that T = T Q B = R^ 1 x {0} n " fe+1 ) and 
such that 

up = on dHC\B k R/2 (0) 



(11) R- k / \Dw J \ 2 dH k < cE* 
and 

(12) R- k -' 2 f \uP - P\ 2 dU k < aE*. 

J 'flnBk H/2 (o) 

Without loss of generality we can assume that H = {x € T : x k > 0}. For each 
j = 1, 2, . . . , n — k we define 

if.ifi k j w^x\...,x k ), torx k >0,x&B k R/2 (0) 

u K x,-u yx ,...,x j-< _ w j( a .i ) .., ) _ a .fe) ! forx fe <o,aGB* H/a (o), 

Then m j are odd harmonic functions on 5*^^(0) that agree with w- 7 on n 
B jR / 2 (0). So for A < 7/2 and any multiindex a: 



l«l-i 

sup \D a u 3 \ < ' 
(13) 

< (k\a\y a ! 1 

"V(7/2-A)i?; fl »J (0) ' 

We define the linear function P(x) = w J (0) + a; • Du 3 (0) = a; • Du^ (0) and using 
the Taylor expansion of w J we get that 

(14) sup \v> -P\< c\ 2 R- k / 2+2 \\Dui\\ L2{B , R/2m . 
Using the estimates | ( 14) [ | ( 1 2) | and [(9)1 we get: 

(Ai?)- fc ~ 2 / \f ~ P\ 2 dH k < (XR)- k - 2 f \f - wJ\ 2 dH k 

+ {XR)- k - 2 f \u j -P\ 2 dH k 

(15) J8nB* R (o) 

+ (XR)- k - 2 f \f j -ui\ 2 dU k 

< c (\- k - 2 crE* + \ 2 E* + eE*) . 

Let I = {I 1 , 1 2 , . . .J n ~ k ) : R k -> R n ~ k . Note that 1(0) = and since all V are 
linear we have that S = graph? is a k dimensional subspace of W 1 . Also since up is 
an odd function we have that vPfa 1 , . . . , x fe_1 , 0) = 0, Vj G {1, 2, ... ,n — k} and so 

^'(a; 1 ,...,^- 1 ^) = (a: 1 J ...,ar*- 1 1 0)-Du , '(x 1 ,...,a*- 1 ,0) = 
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hence V = M*^ 1 x {0}™" fe+1 C 3. Furthermore: 

(\R)- k - 2 f dist(x, Sfdfiy < (\Ry k - 2 [ dist(x, S) 2 d[x v 



(XR)- k - 2 [ dist(x, Sfd^v 

JBy H (0)n(M\sia.vh f) 



S AH (0)n(Af\graph/) 
-k 

k 



< c(XR)- k - 2 / V \f j - l j \ 2 dH 

J B k XR (0)nH j=1 

+ (\R)- k - 2 [ dist(i, S) 2 dfj, v . 

By Remark OS and since R~ k H k ((M \ graph /) n Baa(O)) < c£» we have that 
(Ai?)- fe - 2 f dist(x, S) 2 dfj, v < c\- k - 2 e 1/k E lf . 



Hence 

(Ai?)- fe - 2 



/ dist(x, S) 2 dfi v < caE*\- k - 2 + cX 2 E„ 



provided that e 1/k < X i+k . 

By Lemma 13.61 we can estimate the tilt-excess using the above height integral, 
which gives us 

E(0, XR/2, S) < caE*\- k ~ 2 + cX 2 E* + X^-V^eE, + X 2a eE*. 

So pick A so that cA 2 < l/4(A/2) 2 ( 1_fe / p \ take a so that caX~ k - 2 < 1/4(A/2) 2q 
and then pick e small enough so that \^-k/p) £ < l/4(A/2) 2 ( 1 - fc /P), A 2a e < 
1/4(A/2) 2q , e 1 / fc < A 4+fe . Finally we need to take e, 77 small enough and so that we 
can apply the harmonic approximation lemma with the selected a (as we did above 
when constructing the harmonic functions Wj). Then for 9 = X/2 

/g2(l-fc/p) Q 2a \ 

E(0,9R,S) < + — E t (0,R,T). 



Finally since 

{ eR) 2 ^\\H\\ 2 LP{BeRm < e 2 ^R 2 ^\\H\\ 2 LP{BRm 

and 

{ K (6R) a ) 2 = 2a ( K R a ) 2 

we have 

E*(0,eR,S) < max{6 2a ,0 2 ( 1 - k / p) }E*(O,R,T). 



□ 



Theorem 3.13 (Boundary regularity theorem). We assume that 

Vv(Sk(0)) < ^ 

and 

E*(0,R,T) < e 

where T = R fc x {0} n - k . 
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Then for any 7 G (0, 1/32) there exist e, S such that under the above hypotheses 
there exists a C ' m function 

f:Hn B k R {0) -> R n - k 

where m = min{a, 1 — k/p}, H is one of the two regions of T defined by proj T (£>) 
(as in the lipschitz approximation lemma) such that /(0) = 0, 

spt V n B 7R {0) = graph/ n B 7 «(0) 

and 

(lR) , JDf{ ^Iy\l m < cE*(0,R,T)i for all x,y G B»flt 

Proof. Fix 7 G (0, 1/32). We first show that the tilt excess decay theorem (Theorem 
13.121) is applicable in the ball B 7 r(6) for any b G £> 7 /j(0) H -B. 
We note that 

£(6, 7.R, T) < j~ k E(0, R, T) E* (6, jR, T) < ^ k e 

for any b G B 7 h(0) n B. 

Let T b = T b B + {0} fc - 1 x E x {0}™~ fc . Then, by [111 

(1) I proj T6 - proj T | 2 < ce.E* 

where c depends only on n, k and hence 

7 ii, T b ) <E*(b, 1 R, T) + —j-^ / | proj Tb - proj T \ 2 dp v 
<cj- k E*(0,R,T). 



Claim: For any Si > 0, there exist e, S small enough so that for any b G B 7 fl(0)nB: 
(3) (aR)- k u-^ v (B aR {b)) < , Vcr < 7. 



Proof of claim: Note that by the monotonicity inequality (1) of Lemma 12.91 we have 
that 

(ai?)- fc c^Vv-(£U(&)) < {l + ce){ 1 R)- k ^ 1 ii v {B lR {b)) 
and hence it is enough to prove the claim for (7 = 7. 

Given G (0,1) let S,e be small enough so that the Lemma [3.41 and Lemma 
13.91 hold in the ball i?27i?,(0)- In particular 

Q v (x) < 1 + r/ , Vx G B 27 _r(0) n spt V 

and there exists a Lipschitz function 

(4) f:HnB k lR (0)^« n ~ k 
with Lip / < I and such that 

U k (((graph / \ spt V) U (spt V \ graph/)) n B 2lR (0)) < cl~ 2 E*R k . 
By Remark 13.101 we have that 

(5) (B 2yR (0) n spt V) \ T cE1/2k R C graph / 
where recall that 

T p = {x G R" : p(x) < p}. 
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Therefore, by the area formula for the function F(x) = {x, f(x)) and using the fact 
that J(F) < Vl + cl 2 , 6{x) < 1 + r\ as well as Owe have that for b E B lR (0) 



k r>k 



MB-y R {b)\T cEU , kR ) < (l + J7)Vl + c/ 2 (l + e) 1 ^-oj k 



By the tubular monotonicity inequality (17) in the proof of Lcmma l2.11 we have 
that 

Hv(B lR (b) n T cEl/2kR ) < cEV 2k (r/R) k w k 

Hence 



< 1 + Sx 



(6) U t l bR)- k » v (B^ a {b)) < \{1 + V )Vl + cP(l +e)+ cE 1 ' 2 * _ 

provided that 1, 77, e are small enough. In particular we first pick e small enough so 
that c£ x l 2k < 5i/ 4, then pick I so that for small enough e,rj 

-(1 + 77)^1 + ^2(1 + e) < 1/2 + 6i/4 



where c in both inequalities is as in |(6)| Hence the claim is true. 

Because of |(2)| |(3)| we can apply the the tilt excess decay theorem (Theorem 
13. 12[) in B lR (b) for any b <G B lR (0) and with T replaced by T b . Hence using the 
notation 

• f ( k 

m = mm < a, I 1 



we get that for e, 8 small enough there exists 9 £ (0, 1) such that 

(7) ^(6,6» 7 i?,5i) < 9 2m E*{b, 1 R,T b ) < c9 2m E40,R,T) 

for some A:-dimensional subspace Si, depending on b, with T b B C Si (note that the 
last inequality follows by |(2)[ ). 

Because of |(7)| |(3)| we can apply again the the tilt excess decay theorem in 
Be jR (b) and by induction we get fc-dimensional subspaces Si, S2, ■ ■ . all of which 
contain T b B and such that 

E*(b,0 j 'yR,S j ) < P m E*(b,W-' L iR,S i -x) 

< 9 2jm E*(b,-yR,T b ) < c9 2im E,(0,R,T). 



Using the monotonicity at the boundary (cf. (1) in Lemma l2~9j) we have that 
I proj s . - proj^ | 2 < c (E(b, 9^R, Sj) + E(b, 9 j ~ 1 jR, Sj-i)) 
< c9 2 ^-^ m E,(0,R, T). 

Hence for i > j 

(9) I proj Si - proj Sj | 2 < c0 2 ^£*(O, R 7 T) 

and thus the subspaces Sj converge to a /c-dimensional subspace S(b), for which 
T b B C S(b) and 

(10) I proj s(b) - proj s . | 2 < c9 2 ^ m E t (0, i?, T) Vj > 0. 
For j = 0, the above inequality yields 

(11) |proj s(b) -proj T6 | 2 < cE*(0,R,T). 
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For any a < we can pick j > such that 8 j+1 jR< a < 8 j jR. Then by|(8)| 



(10) and the monotonicity formula at the boundary, |(2)| in Lemma l2.9( we have 

(\ 2m 
^r) S *(°' i? ' T ) 

and by |(11)| we furthermore have 

(13) E*(b,a,T b ) <ce. 

We claim that spt V n -B 7 ,r/2(0) C graph/, where / is the Lipschitz function 



defined in (4) 



Because of 



(5)| we only need to show that 

sptVr\T cE1/2kR r\B lR/2 (0) C graph/. 
Let p = cE l / 2k R and let e be small enough so that 4p < jR. Let x G spt V n 



BjR/2 n T p and let x G B n B lR (Q) be such that |.t - ar| = p(a;). Then by |(12' 

E(x,p(x)/2,S(x)) < 4 k E(x,2p(x),S(x)) < ce. 
Using this, the interior monotonicity }Sim831 17.6] and Lemma [33 (ii) we have that 
| woj x{x) - proj s(a) | 2 < (1 - ce)- 1 (E(x, p(x)/2, S(x)) + E(x, p(x)/2, X (x))) 
< c(e + rf). 

Hence by the above estimate, (11) and (1) we get 

(14) II proj x (») - Proj'x !| 2 < c(v 2 + e). 

Picking e small enough so that Lemma [3T4l holds with r\ such that (c(rj 2 +e)) 1 /' 2 < 
2r]{l) = 1/20 (with c as in |(14)| wc have that 

spt V n B lR/2 (0) n T p C G => spt V n S 7H/2 (0) n T p C graph/ 

where G is the set constructed in |(3)| of the proof of Lemma 13.91 
We also claim that the inverse is true, i.e. 

graph fCiB lR/2 (Q) C sptV. 

Assume it is not true. Then we could find a point (z,f(z)) G (graph / n 
B^ R / 2 (0)) \ spt V and a > such that 

(B k (z) x R"" fc ) n B jR/2 (0) n spt V = 

and 

(B* (z) x w i - k ) n s 7fl/2 (o) n spt V + 0. 

Let Y = (y, f{y)) G (B^(z) x R"- fe ) fl S 7H/2 (0) fl spt V, then 



w fc e y (y) = limr- fe / dfi v = limr- fe / 6(x)dH k (x) 

J B r {Y) J B,,(Y) 

and because spt V fl B^r/ 2 (0) C graph / we can estimate Oy(F) by using the area 
formula for the function F(x) = (x, f(x)): 

8(x)dH k (x)= f _6oF(x)JFdH k (x). 

B r (Y) JB*{y)nH 

Since 9 o F(x) = for x G B k {y) n B*(z) we have that 

ev(y) < i 
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and in the special case when (y, f(y)) G spt V n B, we similarly get 

Qv{Y) < 1/2 



which in both cases is a contradiction (cf. Corollary 12. 8j) . 
Hence 

(15) graph / n B lR/2 (0) = spt VnB lR/2 (0). 

For the subspace S(b) as constructed above, let 

lb : {l\,...,q- k ) :R k -^R n ~ k 

be the linear function such that graph ^5 = S(b). 

For any b G B n B lR/2 (0) n spt U we have that b = (b',f(b')) for some b' G 
dHnB k R/2 (0). Let < cr < 7i?/2 be such that B„(b) C B yR/2 (0). Using the area 

formula along with the fact that 1 < JF < yl + c|D/| 2 , > 1 for jUy-almost 
every a; G spt V as well as |(12)| we get that 

_ n—k 

(a/2)- k / V \Df - Dll\ 2 dU k < cE{b,a,S{b)) 

Since 8y(6) > 1/2 (Corollary EH]), letting a -> 0, we have that 

(17) D/'CprojrCfi)) =I>4 

for all i = 1, . . . , n — fc. 

Let ie G (sptV\ B) n £ 7 fl/ 2 (0) and let S G spt l/flBfl B 7 _r be such that 



\x — x\ — p(x). Then, using (12' 



E(x,p(x),S(x)) < 2 k E(x,2p(x),S(x)) 

E4x,p(x),S(x))<c(^^j E*(0,R,T). 

Furthermore, since spt V n B a (x) C graph / for a < p(x), by the area formula and 
Lemma 13^41 we can estimate: 



^ x a- k n v {B tT {x)) < (1 + ?y) Vl + cP , Va < p(x). 

Hence we can apply the tilt excess decay lemma for the interior |Sim83| 22.5] in 
the ball B p ^(x) and arguing as in (8)|(12) we conclude that there exists a k- 
dimcnsional subspace S(x) such that for all a < p(x) 

\ 2m 

cr 



E*(x,a,S(x)) < c [—tt) E*(x,p(x),S(x)) 
(18) \P\ X )/ 

E*(x,a,S(x)) < c f^j E*(0,R,T). 
Letting as before 

4 : (4,...,C~ fc ) :K fe ^K" _fc 
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to be the linear function such that graph l x = S(x), we can argue as in the case of 
a boundary point (cf. |(16)[ ) to conclude that 



(19) 



~ n—k 

(<r/2)- k V \Df - Dt x \ 2 dH k < cE(x,a,S(x)) 



^r) e ^ r ^ 



and letting a — > we have 

(20) Df (proj r (x)) = £>4 

for a; £ (spt V \ -B) R £? 7fl / 2 (0) and alH = 1, . . . , n — k. 

Now let x,y e H R 5 7fl/4 (0) and let X,Y e sptU n B 7jR/2 (0) be such that 
X = (x, /(x)) and Y = (y, f(y))- We will show that for all j = 1, 2, . . . , n — k 

(21) | D/ i( a )_ D/ i( tf )|< c ('l£Z^ > \ E*(Q,R,T^. 



Let r = \x — y\ and r' = \X — Y\. Note that r, r' < jR and 
r 2 < r' 2 < (l + / 2 )r 2 < 2r 2 . 

Case 1:X, Y e B =» x,y £ 
Using [(17)] we have 

n—k f, n — k 

V \Df{x) - DP{y)\ 2 < cr~ k V \Dt x - Df l (z)\ 2 dW k (z) 

i=i JHnB*{x) i=1 

+ c(2r)- k ^2\Di i y -Df(z)\ 2 dn k (z) 

JHnB* r {y) i=1 

and by[(16)1 

(22) IZ*/*^) - < c (^^-) E*(0,R,T)i 

for alH = 1, 2, . . . , n — fc. 
Case 2: X e B, Y ^ B. 

For y = (y, /(</)), let F - (yo, f(yo)) € S be such that p(F) = |Y - Yq| and y 
such that Yq = (yo,f(yo))- Using (17) and |(20)| we have 



-k n — k 



£ \Df(yo) Df(y)\ 2 < c\y - y \- k f ]T \Dt y - D f (z)\ 2 dH k (z) 

i=l JHnB*{y). l=1 



v-vo 

-k 



n It, rL 

c(2\y-y \y k I £ \D f (z) - Dt yo \ 2 dU k (z) 



hence by [(16)] [(19)] 

n (im\ - nP(v)\ <r.(^ 

jR 



\Df(y a )~Df(y)\<c[ l -^A\ E.(0,R,T)i 
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Also from |(22")| in Case 1 we have that 



\Df(vo) ~ Df(x)\ < c I ___J_1 ) E .(0,R,T)*. 



Hence, since \x — yo\ < \x — y\ + \y — j/o| and |y — yo\ < \y — x\ we have that 

-Df(y)\ < c fc^f E*(0,R,T)i 



for alH = 1, 2, . . . , n — k. 
Case 3: X,Y <£ B. 

Let X = (x ,f(x )),Y = (yo,/(yo)) e S be such that \X - X \ = p(X) and 
\Y-Y \=p(Y). 

Ca se 3 ( i): mm{\x - x \, \y - y \} > 2\x - y\. 
Using [(20)] we have 

Tl—k » n — k 

\Df(x) Df(y)\ 2 < cr- k / £ \Dt x - D f (z)| 2 dU k (z) 

„ n — k 

+ c(2ry k Y,\ m v- D f l ^\ 2dnk ^ 



\Dr(x)-Df(y)\<c[ 1 -^-^) E*(0,R,T)i 



\Df(x)-Df(x )\ < c (J-_|2i] E.(0,R,T)* 



\Df(y)-Df(y )\ < c(^) E*(0,R,T)*. 



and by [(19)] 

idpivi - dp(Vii < « f ii 

Case 5 fiij; min{|ai - x \, \y - y Q \} < 2\x - y\ 
Then by Cases 1 and 2 we have that 

\Df(x )-Df(y )\ < c(^___[) 

- x, 
-yR 

jR 

Note that \xo — yo\ < c\x — y\ and without loss of generality we can assume that 
l^ - xq\ < 2\x — y\. Then we also have \y — yo\ < \x — y\ + \x — xq\ + \xq — yo\ < c\x— y\. 
Hence 

\Df\x)-Df\y)\<c0^^j E*(0,R,T)i 

for alH = 1, 2, . . . , n — k. 

Hence / is a C 1,m function with /(0) = and so the theorem is true. □ 

The regularity theorem still holds without the assumption E*(0, R,T) < e. In 
particular we have the following. 

Theorem 3.14. We assume that 

a = R 1 - k /P\\H\\ LPiBR{0)) <6 , nR a < S 

and 

irVvOMo)) < 
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Then for any 7 G (0,1/32) there exists 5 such that under the above hypotheses 
there exists a linear isometry q and a C l ' m function f : H n B lR {Q) —¥ W a ~ k with 
m = min{o!, 1 — k/p} and H a C 1,a domain such that G dH , such that /(0) = 0, 

spt V n B jR (0) = (/(graph/) n B la (0) 

and 

{ryR)m \Df(x)-Df(y)\ < c7?A ^ ^ ^ e B ^ (Q) 

l 2 - yi 



where r\ = 77(5) is as in Theorem 13. 41 

Proof. We will prove that given 7 G (0, 1) we can take 6 small enough so that for 
a fc-dimensional subspace T such that T B =T'cT, E(0,jR,T) < n 1/2k . Then 
the theorem will be an immediate consequence of Theorem 13 . 1 31 with e = ■n 1 ^ 2k . 

Given 7 6 (0, 1), take (5 small enough so that the interior regularity theorem, 
Theorem 13. 41 holds in B lR (Q) for some 77 £ (0, 1). 

For a < 1 — 7, let = {-8^/5(2;)} be a collection of disjoint balls of radii 
crR/5 and with centers in sptV n £? 7 #(0) \ T^. For any ball in O we have that 
B a R.(x) C B r (0) \ B so by the interior monotonicity [Sim831 17.6] we get that 

Hence for N distinct balls in O. we have that 

c Na k < i-ti => N < ca- k . 
~ 2 

Taking O to be maximal we also have that 

(svtVnB 7R (0))\T aR c (J 

For any x € spt V \ T^, by Theorem 13. 4[ we have that 

II proj^M - P T0 h z M II < C V Vy, z G B aR (x). 

Let now y, z € B-y R (0) \ T aR . Joining y, z with balls of the form B aR {x) such that 
B a R/5(x) G 0, we get that 

II P r °jT„M - P ro .k,M II < cN V < ctT _fc ?7 Vy, z G S 7 _r(0) \ T^, 



By the tubular monotonicity inequality, (17) in the proof of Lemma |2.1[ we get 

Hv(B lR {0)nT aR ) < caR k . 
Hence picking T = x( x )t f° r an y x G B yR (0) \ T aR we have that 

E(0,~/R,T) <c(a- 2k rj 2 +a) 
so picking a = n 1 ^ 2k we have that 

E(0,jR,T) < cn 1/2k . 

□ 
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